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Charaterization of Einstein-Fano manifolds via
the Kähler-Rii ow
Nefton Pali
Abstrat
We explain a haraterization of Einstein-Fano manifolds in terms
of the lower bound of the density of the volume of the Kähler-Rii
Flow. This is a diret onsequene of Perelman's uniform estimate for
the Kähler-Rii Flow and a C
0
estimate of Tian and Zhu.
1 Introdution
During his visit at the MIT in the spring of 2003 G.Perelman made the following
surprising laim. Under the Kähler-Rii Flow over a Fano manifold the nor-
malized Rii potential, its gradient and Laplaian, the diameter and the salar
urvature are uniformly bounded. Perelman also gave a sketh of his proof.
The proof uses in a ruial way the elebrated Perelman's no loal ollapsing
result. The details have been lled out by Sesum and Tian in [Se-Ti℄. By using
Perelman's result Tian and Zhu [Ti-Zh℄ was able to prove the onvergene of the
Kähler-Rii ow over solitoni Fano manifolds. In this way they partially prove
the important Hamilton-Tian onjeture on the onvergene of the Kähler-Rii
ow over Fano manifolds. Perelman's spetaular result ombined with the C0
estimate of Tian and Zhu in [Ti-Zh℄ implies diretly the following harateriza-
tion of Einstein-Fano manifolds in terms of the lower bound of the density of
the volume of the Kähler-Rii Flow.
Theorem 1 Let X be a Fano manifold and G be a ompat maximal subgroup
of the identity omponent of the group of automorphisms of X. Then X admits
a G-invariant Kähler-Einstein metri if and only if the Kähler-Rii ow (ωt)t
with G-invariant initial metri ω satises the uniform estimate ωnt ≥ k ωn,
k > 0 for all times t ≥ 0.
This is an equivalent form of one of the main resulte in [Ti-Zh℄. In writing this
fat we took also the oasion to give as muh as possible an intrinsi avor to
the proof of the elebrated Yau's C2 [Yau℄ and Calabis's C3-uniform estimates
for the omplex Monge-Ampère equation in the ase of the Kähler-Rii ow
(see also [Cao℄).
The rst step in proving Perelman's result onsist in showing the boundedness
of a normalizing onstant whih appears in the evolution formula of the Rii
potential. Perelman show this by using the monotoniity of his µ funtional
along the Kähler-Rii ow. We realize that the boundedness of this onstant
follows in a lassial way by using the generalized Bohner-Kodaira Formula.
This leads also to an intresting onsequene.
Proposition 1.1 Along the Kähler-Rii ow
d
dt
ωt = ωt − Rict = i∂∂¯ut,
−
∫
X
e−utωnt = 1, Perelman's W funtional of the Rii potential ut with sale
τ = 1/2 is inreasing. Moreover the monotoniity is strit unless the ow is a
soliton.
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2 Curvature notions for the tangent bundle
Let (X, J) be a omplex manifold of dimension n equipped with a hermitian
metri ω ∈ E(Λ1,1
J
T ∗X)(X). We note by D
ω
J
= ∂ω + ∂¯ the Chern onnetion of
the hermitian tangent bundle (TX,J , h), where h := ω(·, J ·)−iω is the hermitian
form on TX,J assoiated to ω. We note by
Cω(TX,J ) := (DωJ )2 ∈ E(Λ1,1J T ∗X ⊗C EndC(TX,J ))(X)
the Chern urvature form, whih an also be given by the simpler formula
Cω(TX,J )ξ = ∂¯∂ωξ, for any germ of holomorphi vetor eld ξ ∈ O(TX,J )x.
The Chern urvature Cω
X,J
∈ E(Herm(T⊗2
X,J
))(X) is the hermitian form on the
omplex vetor bundle T⊗2
X,J
dened by the formula
Cω
X,J
(ξ1 ⊗ η1, ξ2 ⊗ η2) := h(Cω(TX,J )(ξ1,01 , ξ0,12 )η1, η2)
= −2iω(Cω(TX,J )(ξ1,01 , ξ0,12 )η1,01 , η0,12 )
for all real vetor elds ξj , ηj ∈ E(TX)(U), j = 1, 2 on some open subset U . The
Griths urvature is dened by the formula
Gω
X,J
(ξ ⊗ η) := Cω
X,J
(ξ ⊗ η, ξ ⊗ η) = 1
2
h(JCω(TX,J )(ξ, Jξ)η, η).
The fat that the Chern urvature is a hermitian form implies that the Griths
urvature takes allways real values. Then we dedue the identity
2Gω
X,J
(ξ ⊗ η) = ω(Cω(TX,J )(ξ, Jξ)η, η). (1)
If ξ, η ∈ O(TX,J )(U) are holomorphi vetor elds then the Griths urvature
an be given by the simple formula
Gω
X,J
(ξ ⊗ η) = −ξ1,0. ξ0,1. |η|2ω + |∂ωξ η|2ω .
(see for example [Kob℄). Let (z1, ..., zn) be holomorphi oordinates and let
(ζk)k ∈ O(T 1,0X,J )⊕n(U) be a loal holomorphi frame of the vetor bundle T 1,0X,J .
Consider the loal expression of the metri ω = i2
∑
k,l ωk,l¯ ζ
∗
k ∧ ζ¯∗l , where the
oeients ωk,l¯ satisent the hermitian symmetry relation ωk,l¯ = ωl,k¯. We note
by (ωk,l¯) = (ωk,l¯)
−1
the inverse matrix of (ωk,l¯), namely
∑
t ω
k,t¯ωt,l¯ = δk,l. If
α ∈ Λp,q
J
T ∗
X
⊗
C
T 1,0
X,J
then we will note by α⊗
J
ζ∗m := α⊗ ζ∗m + α(·)⊗ ζ¯∗m. With
this notations the Chern urvature form is given loally by the expresion
Cω(TX,J ) =
n∑
m=1
(∂¯∂ωζm)⊗J ζ∗m =
n∑
l,m=1
Cl,m ⊗ ζ∗m ⊗J ζl
=
n∑
j,k,l,m=1
Cj,k¯l,m (dzj ∧ dz¯k)⊗ ζ∗m ⊗J ζl,
2
with
Cl,m := −
n∑
r=1
(
∂∂¯ωm,r¯ −
n∑
s,t=1
∂ωm,s¯ ∧ ωs,t¯∂¯ωt,r¯
)
ωr,l¯. (2)
The Chern urvature have the loal expression
Cω
X,J
=
n∑
j,k,l,m=1
Cj,l,k¯,m¯ dzj ⊗ ζ∗l ⊗ dz¯k ⊗ ζ¯∗m,
where the oeients Cj,l,k¯,m¯ :=
∑n
h=1 C
j,k¯
h,l ·ωh,m¯ satisent the hermitian sym-
metry relation Cj,l,k¯,m¯ = Ck,m,j¯,l¯. The following lemma shows that the Chern
urvature is the obstrution to the existene of holomorphi frames orthonormed
at an order higher than one.
Lemma 1 Let (X, J) be a omplex manifold of dimension n equipped with a
hermitian metri ω ∈ E(Λ1,1
J
T ∗X)(X). Then for every point x ∈ X and any
ω(x)-orthonormed frame (ek)k ⊂ T 1,0X,J,x there exists holomorphi oordinates
(z1, ..., zn) entered at x and an holomorphi frame (ζk)k ∈ O(T 1,0X,J )⊕n(Ux),
ζk(x) = ek, in a neighborhood of x suh that the metri ω have the loal expres-
sion
ω =
i
2
∑
l
ζ∗l ∧ ζ¯∗l −
i
2
∑
j,k,l,m
Hj,k¯l,m¯ zj z¯k ζ
∗
l ∧ ζ¯∗m +O(|z|3),
where the oeients Hj,k¯l,m¯ satisent the hermitian symmetry H
j,k¯
l,m¯ = H
k,j¯
m,l¯
.
Moreover for any suh oordinates and frames the Chern urvatures have at the
point x the expressions
Cω(TX,J )(x) =
n∑
j,k,l,m=1
Hj,k¯
m,l¯
(dzj ∧ dz¯k)⊗ ζ∗m ⊗J ζl,
Cω
X,J
(x) =
n∑
j,k,l,m=1
Hj,k¯l,m¯ dzj ⊗ ζ∗l ⊗ dz¯k ⊗ ζ¯∗m.
We dene the Rii tensor Ric
J
(ω) ∈ E(Λ1,1
J
T ∗X ∩ Λ2RT ∗X)(X) of the metri ω
respet to the omplex struture J by the formula
Ric
J
(ω) := iTr
C
Cω(TX,J ) = i Cω(K−1X,J ) ∈ 2pic1(X) ,
where Cω(K−1X,J) is the Chern urvature form of the antianonial bundleK−1X,J :=
Λn
C
TX,J . The salar urvature ScJ (ω) ∈ E(X,R) of ω respet to J is dened by
the formula
Sc
J
(ω) := Trω(RicJ (ω)) =
2nRic
J
(ω) ∧ ωn−1
ωn
.
The fat that the Chern onnetion is invariant by salar multipliations of the
metri implies that Ric
J
(λω) = Ric
J
(ω) for every real number λ > 0. The Rii
urvature have the following loal expression
Ric
J
(ω) = i
∑
1≤j,k,l≤n
Cj,k¯l,l ζ
∗
j ∧ ζ¯∗k .
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We remind (f. [Dem℄) that if (L, h) → (X, J) is a holomorphi hermitian line
bundle and σ ∈ O(L r 0)(U) is a non vanishing holomorphi setion over an
open set U then the loal expression of the Chern urvature is given by the
formula
Ch(L) = −∂∂¯ log |σ|2h
on U . If (ζk)k ∈ O(T 1,0X,J )⊕n(U) is a loal holomorphi frame of the vetor bundle
T 1,0X,J then |ζ1∧ ...∧ ζn|2ω = det(ωk,l¯). We dedue that the loal expression of the
Rii urvature is given by the formula
Ric
J
(ω) = −i∂∂¯ log det(ωk,l¯).
If ω1 is an other J-invariant metri then we have the global identity
Ric
J
(ω1)− RicJ (ω) = −i∂∂¯ log
(
ωn1
ωn
)
.
2.1 The Kähler ase
If (X, J, ω) is a Kähler manifold then the Chern onnetion oinides with the
Levi-Civita onnetion of the J-invariant Riemannian metri g ≡ gω,J assoiated
to ω. This implies that in the Kähler ase the Chern urvature form oinides
with the Riemann urvature form Rg. In this ase the Riemann urvature
Rg(ξ, η, µ, ζ) ≡ Rg(ξ ∧ η, µ ∧ ζ) := g(Cω(TX,J )(ξ, η)ζ, µ),
(ξ, η, µ, ζ ∈ TX) is a smooth setion of the vetor bundle S2
R
(Λ1,1
J
T ∗X ∩ Λ2RT ∗X).
We onsider also the C-linear extension of the Riemann urvature on the om-
plexied tangent bundle TX ⊗R C. We have the equalities
Rg(ξ
1,0
1 , ξ
0,1
2 , η
1,0
1 , η
0,1
2 ) = −Rg(ξ1,01 , ξ0,12 , η0,12 , η1,01 ) =
= iω(Cω(TX,J )(ξ1,01 , ξ0,12 )η1,01 , η0,12 ) = −
1
2
Cω
X,J
(ξ1 ⊗ η1, ξ2 ⊗ η2) .
The Riemann urvature have the following loal expression in arbitrary holo-
morphi oordinates (z1, ..., zn)
Rg =
n∑
j,k,l,m=1
Rj,k¯,l,m¯ (dzj ∧ dz¯k)⊗ (dzl ∧ dz¯m),
where the oeients are given by the formula 2Rj,k¯,l,m¯ = −Cj,l,k¯,m¯ respet to
the frame (ζj) := (∂/∂zj). Using the formula (2) respet to the frame (ζj) we
dedue the expression
2Rj,k¯,l,m¯ =
∂2ωl,m¯
∂zj∂z¯k
−
n∑
s,t=1
∂ωl,s¯
∂zj
ωs,t¯
∂ωt,m¯
∂z¯k
. (3)
The fats that the Riemann urvature is real, is symmetri over Λ1,1
J
T ∗X and the
rst Bianhi identity Rg(ξ, η)µ + Rg(η, µ)ξ + Rg(µ, ξ)η = 0, are expressed in
terms of the oeients of the Riemann urvature by the symmetries
Rj,k¯,l,m¯ = Rk,j¯,m,l¯
Rj,k¯,l,m¯ = Rl,m¯,j,k¯
Rj,k¯,l,m¯ = Rj,m¯,l,k¯,
4
(the seond and last equality implies also Rj,k¯,l,m¯ = Rl,k¯,j,m¯). By the other
hand we see that the seond and last equality follows immediately from the
Kähler symmetries
∂ωl,m¯
∂zj
=
∂ωj,m¯
∂zl
,
∂ωl,m¯
∂z¯k
=
∂ωl,k¯
∂z¯m
.
Holomorphi geodesi oordinates. In the Kähler ase the onlusions of
lemma 1 holds for the frame (ζj) := (∂/∂zj). In fat we have the following
strongest result.
Lemma 2 Let (X, J, ω) be a Kähler manifold of dimension n. Then for ev-
ery point x ∈ X and any ω(x)-orthonormed frame (ek)k ⊂ T 1,0X,J,x there exist
holomorphi oordinates (z1, ..., zn) entered at x suh that
∂
∂zk |x
= ek and the
metri ω have the loal expression
ω =
i
2
∑
l
dzl ∧ dz¯l − i
2
∑
j,k,l,m
Hj,k¯l,m¯ zj z¯k dzl ∧ dz¯m +O(|z|3),
where the oeients Hj,k¯l,m¯ satisent the symmetries H
j,k¯
l,m¯ = H
k,j¯
m,l¯
, and Hj,k¯l,m¯ =
H l,k¯j,m¯ = H
j,m¯
l,k¯
. Moreover for any suh oordinates the Chern urvatures have at
the point x the expressions
Cω(TX,J )(x) =
∑
j,k,l,m
Hj,k¯
m,l¯
(dzj ∧ dz¯k)⊗ dzm ⊗J
∂
∂zl
,
Cω
X,J
(x) =
∑
j,k,l,m
Hj,k¯l,m¯ dzj ⊗ dzl ⊗ dz¯k ⊗ dz¯m.
The lemma shows that in the Kähler ase the Chern urvature is the obstru-
tion to the existene of holomorphi oordinates (z1, ..., zn) suh that the frame
(∂/∂zj) is orthonormed at an order higher than one. This oordinates are alled
geodesi holomorphi oordinates.
It will also be usefull a more preise version of the lemma 2. We need rst
some notation. Consider the omplex vetor bundle F := S2
C
Λ1,1
J
T ∗
X
equipped
with the onnetion ∇F indued by the omplexied Levi-Civita onnetion.
We have the following lemma.
Lemma 3 Let (X, J, ω) be a Kähler manifold of dimension n. Then for every
point x ∈ X and any ω(x)-orthonormed frame (ek)k ⊂ T 1,0X,J,x there exist ω-
geodesi holomorphi oordinates (z1, ..., zn) entered at x suh that
∂
∂zk |x
= ek
and the metri ω have the loal expression ω = i2
∑
l,m ωl,m¯ dzl ∧ dz¯m, with
ωl,m¯ = δl,m¯ −
∑
j,k
Hj,k¯l,m¯ zj z¯k −
∑
p,j,k
(
Hp,j,k¯l,m¯ zpzj z¯k +H
p,j,k¯
m,l¯
zkz¯pz¯j
)
+O(|z|4),
where the oeients Hj,k¯l,m¯ satisent the symmetries of lemma 2 and the oef-
ients Hp,j,k¯l,m¯ are symmetri in the indexes p, j, l and k,m. Moreover for any
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suh oordinates the Riemann urvature and its rst ovariant derivatives has
at the point x the expressions
Rω(x) =
1
2
∑
j,k,l,m
Hj,k¯l,m¯ (dzj ∧ dz¯k)⊗ (dzl ∧ dz¯m),
∇1,0F Rω(x) =
1
2
∑
j,k,l,m,p
Hp,j,k¯l,m¯ dzp ⊗ (dzj ∧ dz¯k)⊗ (dzl ∧ dz¯m),
∇0,1F Rω(x) =
1
2
∑
j,k,l,m,p
Hp,k,j¯
m,l¯
dz¯p ⊗ (dzj ∧ dz¯k)⊗ (dzl ∧ dz¯m).
The Bisetional urvature. Consider now the bisetional urvature
bσg(ξ, η) := Rg(ξ, Jξ, η, Jη) = 4Rg(ξ
1,0, ξ0,1, η0,1, η1,0),
(the last equality follows from the identity ξ ∧ Jξ = −2iξ1,0 ∧ ξ0,1). We remark
that the bisetional urvature oinides with the setional urvature σg(ξ, η) :=
Rg(ξ, η, ξ, η) on omplex lines, (in fat σg(ξ, Jξ) = bσg(ξ, ξ)). The identity (1)
shows that in the Kähler ase the Griths urvature oinides (modulo a fator
2) with the bisetional urvature. In the Kähler ase the Riemann urvature
is determined by the bisetional urvature. In fat the vetor bundle Λ1,1
J
TX
is generated over C by the vetors of type ξ1,0 ∧ ξ0,1, (see for example [Dem℄,
Chapter III, set 1).
The Riemann urvature operator. Let G ∈ E(S2
R
(Λ1,1
J
T ∗X ∩ Λ2RT ∗X))(X) be
the indued metri over the real vetor bundle Λ1,1
J
TX∩Λ2
R
TX . We will still note
by G ∈ E(S2
C
(Λ1,1
J
T ∗X))(X) the C-linear extension over the omplexied vetor
bundle Λ1,1
J
TX . Expliitly the metri G is given by the formula
G(u1 ∧ u2, v1 ∧ v2) := det(g(uk, vl))k,l = ω(u1, v2) · ω(v1, u2),
for any u1, v1 ∈ T 1,0X,J and u2, v2 ∈ T 0,1X,J . We remind now that the Riemann ur-
vature operator Rmg ∈ E(EndR(Λ1,1J TX ∩ Λ2RTX))(X) is dened by the formula
G(Rmg(ξ ∧ η), µ ∧ ζ) := Rg(ξ ∧ η, µ ∧ ζ),
for any ξ, µ ∈ T 1,0
X,J
and η, ζ ∈ T 0,1
X,J
. In loal oordinates we nd the expression
Rmg =
n∑
j,k,s,t=1
Rms,t¯
j,k¯
(
dzj ∧ dz¯k
)
⊗
( ∂
∂zs
∧ ∂
∂z¯t
)
,
with
Rms,t¯
j,k¯
= −4
n∑
l,m=1
ωt,l¯ωm,s¯Rj,k¯,l,m¯.
So in onlusion if put H := (ωk,l¯), we have the following syntheti expression
Rmg = 2
n∑
s,t=1
H−1∂¯(∂H ·H−1)t,s ⊗
( ∂
∂zs
∧ ∂
∂z¯t
)
for the urvature operator. The fat that Rmg is a real operator implies the
onditions
Rms,t¯
j,k¯
= Rmt,s¯
k,j¯
.
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The Rii tensor. We remind that in the Riemannian ase the Rii urvature
Ric(g) ∈ E(S2
R
T ∗X)(X) is dened by the formula
Ric(g)(ξ, η) := Tr
R
(Rg(·, ξ)η)
for every ξ, η ∈ TX . If (X, J, ω) is a Kähler manifold and g is the J-invariant
Riemannian metri assoiated to ω, then we have the formula
Ric
J
(ω)(ξ, Jη) = Ric(g)(ξ, η)
for every ξ, η ∈ TX . Let (z1, ..., zn) be ω-geodesi oordinates entered in a point
x and set ω0 :=
i
2
∑
k dzk ∧ dz¯k and write RicJ (ω) = i
∑
k,l Rkl¯ dzk ∧ dz¯l. Then
we have the expansion
ωn =
1−∑
k,l
Rkl¯(x)zkz¯l
ωn0 +O(|z|3) . (4)
Starting from next setion we will allways use Einstein's onvention of sums.
3 The generalized Bohner-Kodaira formula for
ompat Kähler manifolds
In writing this setion we was inspired by [Fu℄. Let (X,ω) be a ompat Kähler
manifold of omplex dimension n and let
〈α, β〉ω := Trω(iα ∧ β¯)/2 =
n iα ∧ β¯ ∧ ωn−1
ωn
,
be the indued hermitian produt over the omplex vetor bundle Λ1,0
J
T ∗
X
. More-
over let h ∈ E(X,R) and u ∈ E(X,C) be smooth funtions. Then the Laplaian
∆ω,hu := ∆ωu+2 〈∂u, ∂h〉ω is a self-adjoint dierential operator respet to the
inner produt dened by the weighted volume form ehωn:
(u, v)ω,h :=
∫
X
uv¯ ehωn.
In fat this follows from the identities (∆ω,hu)e
h = −Trω
[
i∂¯(eh∂u)
]
and
−
∫
X
i∂¯(eh∂u)v¯ ∧ ωn−1 = −
∫
X
i∂u ∧ ∂¯v¯ ∧ ehωn−1 =
∫
X
u i∂(eh∂¯v¯) ∧ ωn−1.
We say that λ ∈ C is an eigenvalue of∆ω,h if there exists a funtion u ∈ E(X,C),
not identially zero, suh that ∆ω,hu+ λu = 0. Sine
−
∫
X
(∆ω,hu) u¯ e
hωn =
∫
X
2|∂u|2ω ehωn,
for any u ∈ E(X,C), all the eigenvalues of ∆ω,h are nonnegative real numbers.
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Lemma 4 (Generalized Bohner-Kodaira formula). Let (X,ω) be a om-
pat Kähler manifold of omplex dimension n and let u, h ∈ E(X,R) be smooth
real funtions. Then we have the Bohner type formula∫
X
|∂¯∇1,0ω u|2ω ehωn = −
∫
X
〈∂∆ω,hu, ∂u〉ω ehωn
−
∫
X
(
Ric(ω)− i∂∂¯h) (∇ωu, J∇ωu) ehωn. (5)
Proof . Let (z1, ..., zn) be ω-geodesi holomorphi oordinates with enter a
point x. By denition of the (2, 0)-omponent of the Hessian we have the identity
∇1,0ω ∂u (ξ, η) = ξ. η. u− (∇1,0ω,ξ η). u for every (1, 0)-vetor eld ξ, η ∈ E(T 1,0X,J )(U)
over an open set U . By using the equality ∇1,0ω ∂∂zl = ∂ωl,j¯ ωj,k¯⊗ ∂∂zk , we dedue
the loal expression
∇1,0ω ∂u =
(
uk,l −
∂ωl,j¯
∂zk
ωj,r¯ ur
)
dzk ⊗ dzl
=
(
uk,l + C
k,t¯
r,l z¯t ur
)
dzk ⊗ dzl +O(|z|2).
Moreover the loal expression ∇1,0ω u = 2uk¯ ∂∂zk + O(|z|2) implies the loal ex-
pression
∇1,0ω u ∇1,0ω ∂u = 2(uk,luk¯ + Ck,t¯r,l z¯t uruk¯) dzl +O(|z|2)
= 2(uk,luk¯ + C
k,r¯
t,l z¯t uk¯ur) dzl +O(|z|2).
We dedue the equality at the point x
− Trω
[
i∂¯(∇1,0ω u ∇1,0ω ∂u)
]
(x) = 8(uk,luk¯)l¯ + 8C
k,r¯
l,l uk¯ur
= 8(uk,luk¯)l¯ − 2iRic(ω)(∇1,0ω u,∇0,1ω u)
= 8(uk,luk¯)l¯ +Ric(ω)(∇ωu, J∇ωu)(x). (6)
Consider now the trivial equalities at the point x
|∂¯∇1,0ω u|2ω(x) = 8 uk,luk¯,l¯ = 8 (uk,luk¯)l¯ − 8 uk,l,l¯ uk¯
= 8(uk,luk¯)l¯ − 〈∂∆ωu, ∂u〉ω (x).
Then using the equality (6) and the identity
〈∂∆ω,hu, ∂u〉ω = 〈∂∆ωu, ∂u〉ω + 2∇1,0ω ∂u(∇1,0ω u,∇1,0ω h) + i∂∂¯h(∇ωu, J∇ωu),
we dedue the formula
|∂¯∇1,0ω u|2ω = −〈∂∆ω,hu, ∂u〉ω −
(
Ric(ω)− i∂∂¯h) (∇ωu, J∇ωu)
− Trω
[
i∂¯
(∇1,0ω u ∇1,0ω ∂u) ]+ 2∇1,0ω ∂u (∇1,0ω u,∇1,0ω h) . (7)
Moreover onsider the equality
2n ∂¯
[ (
i∇1,0ω u ∇1,0ω ∂u
) ∧ ehωn−1] = 2n i∂¯ (∇1,0ω u ∇1,0ω ∂u) ∧ ehωn−1
− 2n (∇1,0ω u ∇1,0ω ∂u) ∧ i∂¯h ∧ ehωn−1.
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The last term is equal to
− 2n (∇1,0ω u ∇1,0ω ∂u) ∧ (∇1,0ω h ω) ∧ ehωn−1
= −2 (∇1,0ω u ∇1,0ω ∂u) ∧ eh (∇1,0ω h ωn)
= −2∇1,0ω ∂u
(∇1,0ω u,∇1,0ω h) ehωn,
so we have the formula
2n ∂¯
[ (
i∇1,0ω u ∇1,0ω ∂u
) ∧ ehωn−1] = Trω [i∂¯ (∇1,0ω u ∇1,0ω ∂u) ]ehωn
− 2∇1,0ω ∂u
(∇1,0ω u,∇1,0ω h) ehωn.
Then the formula (5) follows from the formula (7) and the Stokes formula. 
Corollary 1 (Poinarré type inequality). Let X be a Fano manifold of
omplex dimension n, let ω ∈ 2pic1(X) be a Kähler metri and h ∈ E(X,R)
suh that Ric(ω)−ω = i∂∂¯h. Set Vh :=
∫
X
ehωn. Then for all smooth funtions
ϕ ∈ E(X,R) we have the Poinarré type inequality
∫
X
|∂ϕ|2ω ehωn ≥
∫
X
ϕ2ehωn − 1
Vh
 ∫
X
ϕehωn
2 . (8)
Proof . Let u ∈ E(X,R) be an eigenfuntion orresponding to the rst eigenvalue
λ1 > 0 of the Laplaian ∆ω,h. Then the Bohner type formula (5) implies the
inequality
λ1
∫
X
|∂u|2ω ehωn ≥
∫
X
|∇ωu|2ω ehωn = 2
∫
X
|∂u|2ω ehωn.
The fat that u an not be onstant implies λ1 ≥ 2. Consider now the funtion
θ := ϕ− ∫
X
ϕehωn/Vh. Then the variational haraterization of λ1 implies the
inequality ∫
X
|∂θ|2ω ehωn ≥
∫
X
θ2ehωn,
whih implies the required Poinarré type inequality (8). 
4 The Kähler-Rii ow over Fano Manifolds
Let X be a Fano manifold of omplex dimension n and let ω ∈ 2pic1(X) be a
Kähler metri. Let Pω := {ϕ ∈ E(X,R) | i∂∂¯ϕ > −ω} be spae of potentials
and dene ωϕ := ω + i∂∂¯ϕ for every ϕ ∈ Pω. The Kähler-Rii ow is a family
of Kähler metris (ωt)t, solution of the evolution equation
d
dt
ωt = ωt − Ric(ωt) (9)
with initial metri ω ∈ 2pic1. It was proved in [Cao℄ that the Kähler-Rii ow
(ωt)t exists for all t ∈ [0,+∞) and (ωt)t ⊂ 2pic1. This is beause solving the
equation (9) is equivalent to solve the equation in terms of potentials
ϕ˙t = log
ωnt
ωn
+ ϕt + ct − hω, (10)
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where ϕt ∈ Pω, ωt = ω + i∂∂¯ϕt, ϕ0 = 0, hω ∈ E(X,R) is the the real smooth
funtion dened by the onditions Ric(ω) = ω + i∂∂¯hω, −
∫
X
ehωωn = 1 and ct is
a onstant implying the normalization
−
∫
X
e−ϕ˙tωnt = 1. We will allways onsider
the Kähler-Rii ow equation with suh normalization. We remark that to nd
a solution ϕ ∈ Pω of the Einstein equation Ric(ωϕ) = ωϕ, is equivalent to solve
the equation
0 = log
ωnϕ
ωn
+ ϕ− hω.
This is also equivalent to the onstant salar urvature equation Sc(ωϕ) = 2n.
We prove now that the evolving metris ωt are G-invariant if the initial metri
ω is G-invariant. Let t := ∆t − 2 ∂∂t . By deriving respet to a holomorphi
vetor eld ξ ∈ O(TX)(U) the Kähler-Rii ow equation (10) we nd
t(ξ.ϕt) + 2ξ.ϕt = (Trω −Trt)(Lξ ω) + 2ξ.hω, (11)
This follows from the formula
2ξ. log
ωnt
ωn
= Trt Lξ ωt − Trω Lξ ω.
Let prove this formula. Set ft := ω
n
t /ω
n
. Then Lξ ω
n
t = (ξ.ft)ω
n + ftLξ ω
n
. So
we get the equalities
nLξ ωt ∧ ωn−1t = (ξ.ft)ωn + nftLξ ω ∧ ωn−1,
ξ.ft =
nLξ ωt ∧ ωn−1t
ωn
− ftnLξ ω ∧ ω
n−1
ωn
,
2 ξ. log
ωnt
ωn
= 2
ξ.ft
ft
= Trt Lξ ωt − Trω Lξ ω,
whih proves our formula. Let g ⊂ H0(T
X
) be the (real) Lie algebra of G. We
remark that a dierential form α is G-invariant if and only if Lξ α = 0 for all
ξ ∈ g. Moreover the Rii potential hω of any G-invariant metri ω is also
G-invariant. So by applying (11) with ξ ∈ g we nd that the funtion vt := ξ.ϕt
is solution of the equation tvt = −2vt with initial data v0 = 0. By uniqueness
of the solutions we get vt = 0 and so the potential ϕt isG-invariant for all times t.
Kähler-Rii solitons.
Let ω be a Kähler metri and u ∈ E(X,R) be a smooth real valued funtion.
Then ∇ωu ω = −du · J = −i∂u + i∂¯u and L∇ωu ω = d(∇ωu ω) = 2i∂∂¯u.
Let now X be a Fano manifold and ω ∈ 2pic1 be a Kähler metri. Then
ω − Ric(ω) = 2i∂∂¯u = L∇ωu ω.
If ∇ωu ∈ O(TX,J )(X) then ω is alled a Kähler-Rii soliton. We remind that
∇1,0ω ∂u = 0 if and only if the vetor eld ∇ωu is holomorphi. So ω ∈ 2pic1 is a
Kähler-Rii soliton if and only if the Rii potential u ∈ E(X,R), ω−Ric(ω) =
2i∂∂¯u satises the equation ∇1,0ω ∂u = 0. Let (Φt)t∈R be the 1-parameter Group
of holomorphi automorphisms of X indued by ∇ωu ∈ O(TX )(X). Let ωt :=
Φ∗tω = ω + i∂∂¯ϕt and ut = u ◦Φt. Then we get the Kähler-Rii ow equation
d
dt
ωt = ωt − Ric(ωt) = 2i∂∂¯ut, with ∇1,0t ∂ut = 0.
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Remark 1. If the Futaki invariant f2pic1 is zero then all Kähler-Rii solitons
are Kähler-Einstein metris. In fat by denition of the Futaki invariant
f2pic1(∇ωu) = −2−
∫
X
∇ωu .u ωn = −2−
∫
X
|∇ωu|2ω ωn.
Moreover this formula shows that the existene of a Kähler-Rii solitons with
∇ωu 6= 0 implies the non existene of Kähler-Einstein metris.
Remark 2. Consider again a smooth real valued funtion u ∈ E(X,R). Then
LJ∇ωu ω = d(J∇ωu ω) = 0 sine J∇ωu ω = −ω(∇ωu, J ·) = −du. Let now
X be a Fano manifold. For any Kähler metri ω and any smooth real vetor eld
ξ ∈ E(T
X
)(X) suh that LJξ ω = 0 there exist a smooth real valued funtion
u ∈ E(X,R) suh that ξ = ∇ωu. In fat onsider the deomposition ξ = ξ′+ ξ′′,
with ξ′′ = ξ′ ∈ E(T 0,1
X,J
)(X). Then
0 = LJξ ω = d(Jξ ω) = id(ξ
′ ω)− id(ξ′′ ω) = i∂(ξ′ ω)− i∂¯(ξ′′ ω),
sine ∂¯(ξ′ ω) = 0 and ∂(ξ′′ ω) = 0 by deomposition of the degree. We
dedue also the equality ∂(ξ′ ω) = ∂¯(ξ′′ ω). The fat that X is Fano
and the equality ∂¯(ξ′ ω) = 0 implient the existene of u ∈ E(X,C) suh
that ξ′ ω = i∂¯u and by onjugation ξ′′ ω = −i∂u¯. Then the equality
∂(ξ′ ω) = ∂¯(ξ′′ ω) implies i∂∂¯(u− u¯) = 0, whih means that the funtion u
an be hosen with real values.
Remark 3. Let (X,ω) be a ompat Kähler manifold suh that ω − Ric(ω) =
Lξ ω, for some smooth real vetor eld ξ ∈ E(TX )(X). So Lξ ω = d(ξ ω) is
a real d-exat (1, 1)-form. By Hodge Theory there exist u ∈ E(X,R) suh that
Lξ ω = i∂∂¯u. So we dedue that X is a Fano manifold and ω ∈ 2pic1. Using
remark 2 we nd that a Kähler metri ω over a ompat Kähler manifold X is
a Kähler-Rii soliton if and only if there exist a real holomorphi vetor eld
ξ ∈ O(T
X
)(X) suh that ω − Ric(ω) = Lξ ω and LJξ ω = 0. Moreover the
holomorphi vetor eld ξ is uniquely determined by the metri ω, sine it is
uniquely determined by the Rii potential of ω.
Perelman's uniform estimates for the Kähler-Rii ow.
We have the following fundamental result due to Perelman.
Theorem 2 (Perelman) Over a Fano manifold X of omplex dimension n,
the Kähler-Rii ow
d
dt
ωt = ωt − Rict = i∂∂¯ϕ˙t satises the uniform estimates
|ϕ˙t|, |∇t ϕ˙t|t, |∆tϕ˙t|, Diamt(X), Sct ≤ C, where the Rii potential ϕ˙t is nor-
malized by the ondition
−
∫
X
e−ϕ˙tωnt = 1.
Set ut := ϕ˙t, at := c˙t. Then time deriving the Kähler-Rii ow equation (10),
we nd the identity
tut = −2ut − 2at. (12)
The rst step in proving Perelman's theorem onsist in showing the boundedness
of the onstant at. We give a proof here. By deriving the integral normalization
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−
∫
X
e−utωnt = 1 and using the equation (12), we nd the equalities
0 =
d
dt
−
∫
X
e−utωnt = −−
∫
X
u˙t e
−utωnt + 2
−1−
∫
X
∆tut e
−utωnt
= −at−
∫
X
e−utωnt −−
∫
X
ut e
−utωnt ,
whih implient
at = −−
∫
X
ut e
−utωnt ≥ −−
∫
X
(ut)+ e
−utωnt ,
where (ut)+ := max{ut, 0}. The fat that the funtion f(x) := −xe−x is
bounded over the interval [0,+∞) implies the uniform estimate at ≥ −C. We
prove now the upper bound of at. Perelman show this by using the monotoniity
of his µ funtional along the Kähler-Rii ow. We realize that the the upper
bound of at follows in a lassial way by using the generalized Bohner-Kodaira
Formula. In fat using the Kähler-Rii ow identity (12) and the identity
∆te
−ut = (2|∂ut|2t −∆tut)e−ut , we nd
−a˙t = −
∫
X
[
u˙t − ut (u˙t −∆tut/2)
]
e−utωnt = −
∫
X
[
u˙t − ut (ut + at)
]
e−utωnt
=
1
2
−
∫
X
∆tute
−utωnt +−
∫
X
ute
−utωnt + at −−
∫
X
u2t e
−utωnt + a
2
t
= −
∫
X
|∂ut|2t e−utωnt −−
∫
X
u2t e
−utωnt + a
2
t
By the Poinarré type inequality 8 in the Fano ase we dedue −a˙t ≥ 0. This
implies the upper bound of the normalizing onstants at. Consider now Perel-
man's funtional
W(ω, f, τ) := (4pic1τ)−n
∫
X
[
τ
(|∇ω f |2ω + Scω)+ f − 2n]e−fωn.
Using the identity ∆tut = 2n− Sct we get
Wt :=W(ωt, ut, 1/2) = −
∫
X
[
1
2
(|∇t ut|2t + Sct)+ ut − 2n] e−utωnt
= −
∫
X
[
1
2
(|∇t ut|2t −∆tut)+ ut] e−utωnt − n
= −
∫
X
(
1
2
∆te
−ut + ute
−ut
)
ωnt − n
= −at − n .
So we nd the inequality W˙t = −a˙t ≥ 0. Suppose now that W˙t = 0 for some
time t. Then we get the equality ase in the Poinarré inequality∫
X
|∇t θt|2t e−utωnt = 2
∫
X
θ2t e
−utωnt ,
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with θt := ut − −
∫
X
ute
−utωnt = ut + at. The variational haraterization of
the rst non zero eigenvalue λ1(∆ˆt) of the generalized Laplaian ∆ˆt := ∆t,−ut
implies 2 ≥ λ1(∆ˆt). By the other hand the generalized Bohner-Kodaira formula
implies λ1(∆ˆt) ≥ 2. So λ1(∆ˆt) = 2 and ∆ˆtut+2(ut+ at) = 0. By plugging this
in to the generalized Bohner-Kodaira formula we get∫
X
|∂¯∇1,0t ut|2t e−utωnt = −
∫
X
〈
∂∆ˆtut, ∂u
〉
t
e−utωnt −
∫
X
|∇t ut|2t e−utωnt = 0 .
So ωt is a Kähler-Rii soliton and this will hold for all times. We have prove
in onlusion the proposition 1.1.
The generalized funtionals by Aubin.
The generalized funtionals Iω , Jω : Pω → [0,+∞) by Aubin, [Aub1℄ are dened
by the formulas
Iω(ϕ) := −
∫
X
ϕ
(
ωn − ωnϕ
)
=
n−1∑
k=0
−
∫
X
i∂ϕ ∧ ∂¯ϕ ∧ ωk ∧ ωn−k−1ϕ
Jω(ϕ) :=
n−1∑
k=0
k + 1
n+ 1
−
∫
X
i∂ϕ ∧ ∂¯ϕ ∧ ωk ∧ ωn−k−1ϕ
= −
∫
X
ϕωn − 1
n+ 1
n∑
k=0
−
∫
X
ϕωk ∧ ωn−kϕ .
We have the obvious inequalities, 0 ≤ Iω ≤ (n+ 1)Jω.
The K-energy funtional of the antianonial lass 2pic1. We remind
that the Einstein equation Ric(ωϕ) = ωϕ, is equivalent to the onstant salar
urvature equation Sc(ωϕ) = 2n. This last equation is the Euler-Lagrange equa-
tion of Mabuhi's [Mab℄ K-energy funtional νω : Pω → R
νω(ϕ) := −
∫
X
(
log
ωnϕ
ωn
+ ϕ− hω
)
ωnϕ −
1
n+ 1
n∑
k=0
−
∫
X
ϕωk ∧ ωn−kϕ +−
∫
X
hωω
n.
In fat for every C∞ path (ϕt)t∈(−ε,ε) ⊂ Pω we have the identity
d
dt
νω(ϕt) = −1
2
−
∫
X
ϕ˙t
(
Sc(ωt)− 2n
)
ωnt , (13)
where ϕ˙t :=
∂
∂t
ϕt and ωt := ωϕt . We remark that under the Kähler-Rii ow
we have the identity Sc(ωt) = 2n − ∆ωtϕ˙t . Then using the identity (13) we
dedue the inequality
d
dt
νω(ϕt) = 2
−1−
∫
X
ϕ˙t∆ωt ϕ˙t ω
n
t = −n−
∫
X
i∂ϕ˙t ∧ ∂¯ϕ˙t ∧ ωn−1t ≤ 0,
whih shows that the K-energy dereases under the Kähler-Rii ow. We re-
mind also the following Tian's [Tia℄ fundamental result.
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Theorem 3 (Tian's G-properness) Let X be a Fano manifold admitting a
G-invariant Kähler-Einstein metri ωˆ ∈ 2pic1. Then there exists two onstants
δ > 0, C > 0 suh that the inequality νωˆ(ϕ) ≥ Jωˆ(ϕ)δ − C hold for all G-
invariant potentials ϕ ∈ Pωˆ.
By using the oyle ondition we dedue that for all G-invariant Kähler metris
ω ∈ 2pic1 there exist an inreasing funtion µ : R→ [c,+∞), with limt→+∞ µ(t)
= +∞ suh that νω(ϕ) ≥ µ(Jω(ϕ)) for all G-invariant potentials ϕ ∈ Pω.
5 Tian-Zhu's C0-uniform estimate
We start by proving the following elementary lemma
Lemma 5 Let (X,ω) be a polarized Fano manifold with ω ∈ 2pic1, let (ωt)t be a
Kähler-Rii ow and let and G be a ompat maximal subgroup of the identity
omponent of the group of automorphisms of X.
A). Suppose there exist a onstant k > 0 suh that ωnt ≥ kωn for all times t ≥ 0.
Then the Aubin's Funtional Jω is uniformly bounded along this Kähler-Rii
ow.
B). Suppose X admits a G-invariant Kähler-Einstein metri. Then the Kähler-
Rii ow with G-invariant initial metri ω satises the uniform estimate ωnt ≥
k ωn, k > 0 for all times t ≥ 0.
So part B of this lemma prove one impliation in theorem 1.
Proof . Set ϕˆt := ϕt + ct. By writing the Kähler-Rii ow equation under
the form
ϕˆt = ϕ˙t − log ω
n
t
ωn
+ hω ,
using the Perelman's uniform estimate |ϕ˙t| ≤ C and the inequality ωnt ≥ kωn
we nd the uniform estimate ϕˆt ≤ C − log k+ hω. Reminding the expression of
the K-energy funtional we dedue the identity along the Kähler-Rii ow
νω(ϕt) = −
∫
X
ϕ˙t ω
n
t + Jω(ϕt)−−
∫
X
ϕˆt ω
n +−
∫
X
hω ω
n. (14)
Then using; the fat that the K-energy funtional is noninreasing along the
Kähler-Rii ow, the inequality −−∫
X
ϕ˙t ω
n
t ≤ 0 (whih follows from the integral
normalization of ϕ˙t) and the previous estimate ϕˆt ≤ C, we dedue the uniform
estimate
0 ≤ Jω(ϕt) = νω(ϕt)−−
∫
X
ϕ˙t ω
n
t +−
∫
X
ϕˆt ω
n −−
∫
X
hω ω
n ≤ νω(ϕ0) + C.
We prove now part B. The existene of a G-invariant Kähler-Einstein metri
implies the G-properness of the K-energy funtional. Then using the fat that
the K-energy funtional is noninreasing along the Kähler-Rii ow we dedue
that the energy funtional Jω is bounded along the Kähler-Rii ow (ωt)t
with G-invariant initial metri ω. Then the identity (14) ombined with the
fat that the K-energy funtional is bounded from below implies the uniform
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estimate
−
∫
X
ϕˆt ω
n ≤ C. By the properties of the Green funtion we dedue the
inequality
ϕˆt ≤ −
∫
X
ϕˆt ω
n + C′ ≤ C .
This uniform estimate is equivalent to the uniform estimate ωnt ≥ k ωn by means
of the Kähler-Rii ow equation and Perelman's uniform estimate |ϕ˙t| ≤ C. 
We remind now the following result [Ti-Zh℄.
Proposition 5.1 Let (X,ω) be a ompat Kähler manifold of omplex dimen-
sion n, let ϕ ∈ Pω and f := ωnϕ/ωn. Then for all ε ∈ (0, ε0], δ ∈ (0, δ0] there
exists onstants C,C′ > 0 depending only on ω, ε0, δ0 suh that
Osc(ϕ) ≤ C
(
1
εδ
)n+δ
‖f‖δL1+ε(X,ω) + C′ .
Proposition 5.2 Let (X,ω) be a polarized Fano manifold with ω ∈ 2pic1 and
let (ωt)t be a Kähler-Rii ow admiting a onstant k > 0 suh that ω
n
t ≥ kωn
for all times t ≥ 0. Then this Kähler-Rii ow satises the uniform estimate
|ϕt + ct| ≤ K0, for some onstant K0 > 0 independent of t ≥ 0.
Proof . The argument here is the same as in [Ti-Zh℄. We start proving the
uniform estimate |maxX ϕˆt| ≤ C for all t ≥ 0. We rst remark that if a real
funtion u satises the integral equality
∫
X
(e−u − 1)ωn = 0 then maxX u ≥ 0.
In fat if not 0 > maxX u ≥ u and this implies e−u > 1, whih ontradit the
integral equality. By denition of Kähler-Rii ow we have the integral identity∫
X
eh−ϕˆtωn =
∫
X
e−ϕ˙tωnt =
∫
X
ωn, (15)
for all t ∈ [0,+∞). Then applying the previous remark with u := ϕˆt − h, we
nd the inequality maxX(ϕˆt − h) ≥ 0, whih gives the estimate maxX ϕˆt ≥
−C. Moreover the argument in the proof of A of lemma 5 implies ϕˆt ≤ C.
The equality (15) implies that the funtion h − ϕˆt hange signs and so we
get ‖h− ϕˆt‖C0(X) ≤ Osc(h− ϕˆt), whih implies ‖ϕˆt‖C0(X) ≤ Osc(ϕˆt) + C. By
proposition 5.1 we need to prove a uniform bound for the integral
∫
X
e−(1+ε)ϕˆtωn
for some ε > 0. Set θt := maxX ϕt − ϕt ≥ 0. Then
e−(1+ε)ϕˆtωn = eεθt−εmax ϕˆt−ϕˆtωn ≤ Ceεθt−ϕˆtωn ≤ C′eεθtωnt .
The last inequality follows from the Kähler-Rii ow equation and Perelman's
uniform estimate |ϕ˙t| ≤ C. So it is suient to prove an uniform bound for the
integral
∫
X
eεθtωnt . In order to prove this we onsider the lassi inequality
0 ≤ Iω(ϕt) = −
∫
X
ϕˆt (ω
n − ωnt ) ≤ (n+ 1)Jω(ϕt) ≤ C ,
where C > 0 is the uniform onstant provided by lemma 5. We dedue
−−
∫
X
ϕˆt ω
n
t ≤ C −−
∫
X
ϕˆt ω
n ≤ 2C.
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The last inequality follows from the estimate
−
∫
X
e−ϕˆt ωn ≤ C that we get from
the identity (15). So we have obtain the uniform estimate
0 ≤ −
∫
X
θt ω
n
t ≤ C (16)
For all integers p ≥ 1 we have the equalities∫
X
θpt
(
ωnt − ωn−1t ∧ ω
)
= −
∫
X
θpt i∂∂¯θt ∧ ωn−1t
= p
∫
X
θp−1t i∂θt ∧ ∂¯θt ∧ ωn−1t
= p
∫
X
θ
p−1
2
t i∂θt ∧ θ
p−1
2
t ∂¯θt ∧ ωn−1t
=
4p
(p+ 1)2
∫
X
i∂θ
p+1
2
t ∧ ∂¯θ
p+1
2
t ∧ ωn−1t
=
4p
n(p+ 1)2
∫
X
|∂θ
p+1
2
t |2t ωnt .
This implies the inequality∫
X
|∂θ
p+1
2
t |2t ωnt ≤
n(p+ 1)2
4p
∫
X
θpt ω
n
t . (17)
Remember now the Kähler-Rii ow identity i∂∂¯ϕ˙t = ωt−Ric(ωt). Then as in
[Ti-Zh℄ by applying the Poinarré type inequality (orollary 8) to the funtion
θ
p+1
2
t , with metri ωt and h = −ϕ˙t, we dedue∫
X
|∂θ
p+1
2
t |2t e−ϕ˙tωnt ≥
∫
X
θp+1t e
−ϕ˙tωnt − (2pic1)−n
 ∫
X
θ
p+1
2
t e
−ϕ˙tωnt
2 .
By applying the Hölder inequality to the last therm, using Perelman uniform
estimate |ϕ˙t| ≤ C and the inequality (17) we dedue∫
X
θp+1t e
−ϕ˙tωnt ≤ Cp
∫
X
θpt ω
n
t + C
∫
X
θpt e
−ϕ˙tωnt ·
∫
X
θt e
−ϕ˙tωnt .
Using again the estimate |ϕ˙t| ≤ C and the estimate (16) we nd∫
X
θp+1t ω
n
t ≤ C(p+ 1)
∫
X
θpt ω
n
t .
By iteration
∫
X
θpt ω
n
t ≤ Cpp!. Thus∫
X
eεθtωnt =
∞∑
p=0
εp
p!
∫
X
θpt ω
n
t ≤
∞∑
p=0
(εC)p .
So we hoose 0 < ε < 1/C. 
16
6 The Yau's C2 and Calabi's C3 uniform esti-
mates for the Kähler-Rii ow
We start with some notations and denitions. Let (X,ω) be a Kähler manifold
of omplex dimension n. Consider the funtion λω1 : X → R dened by the
formula
λω1 (x) := min
ξ∈T⊗2
X,x
r0x
Cω
X,J
(ξ, ξ)|ξ|−2ω .
So λω1 (x) is the smallest eigenvalue of the Chern Curvature form CωX,J (x). It is
well known (see [Kat℄, hap II, se 5.1, theorem 5.1, pag 107) that the funtion
λω1 is ontinuous. In order to simplify the notations we will use Einstein onven-
tion on sums. Moreover we will note by Trϕ the trae operator orresponding
to the metri ωϕ. With suh notations we have the following proposition whih
is obtained by some omputations in [Yau℄.
Proposition 6.1 Let (X,ω) be a Kähler manifold of omplex dimension n.
Then for every potential ϕ ∈ Pω for the Kähler metri ω we have the intrinsi
inequality
2Trω Ric(ωϕ) ≥ −∆ϕ∆ωϕ+ 4λω1 (2n+∆ωϕ)Trϕ ω +
2|∂∆ωϕ|2ϕ
2n+∆ωϕ
.
Proof . Let (z1, ..., zn) be ω-geodesi holomorphi oordinates with enter a
point x suh that the metri ωϕ an be written in diagonal form in x. Expliitly
ω = i2ωl,r¯ dzl ∧ dz¯r and ωϕ = i2 (ωϕ)l,r¯ dzl ∧ dz¯r, with
ωl,r¯ = δl,r − Cj,k¯r,l zj z¯k +O(|z|3),
Cω(TX,J )(x) = Cj,k¯l,r (dzj ∧ dz¯k)⊗ dzr ⊗J
∂
∂zl
,
Cω
X,J
(x) = Cj,k¯r,l dzj ⊗ dzl ⊗ dz¯k ⊗ dz¯r,
Cj,k¯l,r = C
k,j¯
r,l , C
j,k¯
l,r = C
r,k¯
l,j = C
j,l¯
k,r ,
(ωϕ)l,r¯ = δl,r + 2ϕl,r¯ +O(|z|), 2ϕl,r¯(0) = 2δl,rϕl,l¯(0) > −1,
where ϕl,r¯ :=
∂2ϕ
∂zl∂z¯r
. In partiular we dedue the following expressions for the
inverse matrixs
ωl,r¯ = δl,r + C
j,k¯
r,l zj z¯k +O(|z|3), (ωϕ)l,r¯ =
δl,r
1 + 2ϕl,l¯
+O(|z|).
Moreover we dedue the loal expressions
∆ωϕ = 4ω
l,r¯ϕr,l¯ = 4(ϕl,l¯ + C
j,k¯
r,l ϕr,l¯ zj z¯k) +O(|z|3),
∆ϕu = 4(ωϕ)
l,r¯ur,l¯ =
4ul,l¯
1 + 2ϕl,l¯
+O(|z|)
for every smooth funtion u. Using this two expressions we nd the equality at
the point x
∆ϕ∆ωϕ =
42
1 + 2ϕl,l¯
(ϕl,l¯,k,k¯ + C
l,l¯
r,kϕr,k¯) =
42
1 + 2ϕl,l¯
(ϕl,l¯,k,k¯ + C
l,l¯
k,kϕk,k¯) . (18)
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Using the expression (2) of the oeients of the urvature form respet to the
omplex frame (ζk) := (∂/∂zk), we nd the following loal expression for the
Rii tensor
Ric(ω) = −
(
i∂∂¯ωl,r¯ − i∂ωl,s¯ ωs,t¯ ∧ ∂¯ωt,r¯
)
ωr,l¯.
All the omputations that will follow are refereed to the point x. Expanding
the analogue expression for Ric(ωϕ) we get the equality.
Ric(ωϕ) =
(
iCr,l − 2i∂∂¯ϕl,r¯ + 4i∂ϕl,s¯ ωs,t¯ϕ ∧ ∂¯ϕt,r¯
)
ωr,l¯ϕ .
Taking the trae respet to ω of the Rii tensor Ric(ωϕ) we nd the expression
Trω Ric(ωϕ) = 4
(
Ck,k¯r,l − 2ϕk,k¯,l,r¯ + 4ϕk,l,s¯ ωs,t¯ϕ ϕk¯,t,r¯
)
ωr,l¯ϕ
= 4
(
Ck,k¯l,l − 2ϕk,k¯,l,l¯ +
4ϕk,l,s¯ ϕk¯,s,l¯
1 + 2ϕs,s¯
) 1
1 + 2ϕl,l¯
.
Using the symmetry Ck,k¯l,l = C
l,l¯
k,k ∈ R and the identity (18) we nd the equality
Trω Ric(ωϕ) = −1
2
∆ϕ∆ωϕ+ 4C
l,l¯
k,k
1 + 2ϕk,k¯
1 + 2ϕl,l¯
+
16ϕk,l,s¯ ϕk¯,s,l¯
(1 + 2ϕs,s¯)(1 + 2ϕl,l¯)
. (19)
The inequality Cl,l¯k,k = CωX,J ( ∂∂xl ⊗ ∂∂xk , ∂∂xl ⊗ ∂∂xk )(x) ≥ λω1 (x), implies the in-
equality
4Cl,l¯k,k
1 + 2ϕk,k¯
1 + 2ϕl,l¯
≥ 2λω1 (2n+∆ωϕ)Trϕ ω (x).
Then the onlusion of the proof of the proposition will follows from the in-
equality
16ϕk,l,s¯ ϕk¯,s,l¯
(1 + 2ϕs,s¯)(1 + 2ϕl,l¯)
≥ |∂∆ωϕ|
2
ϕ
2n+∆ωϕ
. (20)
Let prove this inequality. We have
|∂∆ωϕ|2ϕ = 2
∑
k,l
ωk,l¯ϕ ∂l∆ωϕ∂k¯∆ωϕ =
∑
j,k,l
2 · 42ϕl,j,j¯ ϕl¯,k,k¯
1 + 2ϕl,l¯
=
∑
l
2 · 42
1 + 2ϕl,l¯
∣∣∣∣∣∣
∑
j
ϕl,j,j¯√
1 + 2ϕj,j¯
√
1 + 2ϕj,j¯
∣∣∣∣∣∣
2
.
Applying the Cauhy-Shwartz inequality to the norm, we nd the inequality
|∂∆ωϕ|2ϕ ≤
∑
l
2 · 42
1 + 2ϕl,l¯
∑
j
|ϕl,j,j¯ |2
1 + 2ϕj,j¯
(∑
k
(1 + 2ϕk,k¯)
)
= (2n+∆ωϕ)
∑
j,l
16|ϕl,j,j¯|2
(1 + 2ϕj,j¯)(1 + 2ϕl,l¯)
≤ (2n+∆ωϕ)
∑
k,l,j
16ϕk,l,j¯ ϕk¯,j,l¯
(1 + 2ϕj,j¯)(1 + 2ϕl,l¯)
,
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whih onlude the proof of the inequality (20). 
We will note by ω∗ and ω∗ϕ the orresponding dual elements of ω and ωϕ. Let
h∗ and h∗ϕ the orresponding hermitian metris over the omplex vetor bundle
T ∗
X,J
. In loal omplex oordinates we have the expressions ω∗ = 2i ωlk¯ ∂
∂zk
∧ ∂
∂z¯l
and h∗ = 4ωlk¯ ∂
∂zk
⊗ ∂
∂z¯l
. We remind also that if (V, J) is a omplex vetor spae
equipped with a hermitian metri h then the orresponding hermitian metri
h
C
over the omplexied vetor spae (V ⊗
R
C, i) is dened by the formula
2h
C
(v, w) := h(v, w) + h(v, w), v, w ∈ V ⊗
R
C,
where we still note by h the C-linear extension of h. Consider now the omplex
vetor bundles F := Λ1,0
J
T ∗
X
, E := F⊗2 ⊗ F and the hermitian vetor bundles
(E, 〈·, ·〉ω) := (F, h∗)⊗ (F, h∗)⊗ (F , h∗)
(E, 〈·, ·〉ϕ) := (F, h∗ϕ)⊗ (F, h∗ϕ)⊗ (F , h∗ϕ)
(E, 〈·, ·〉ω,ϕ) := (F, h∗)⊗ (F, h∗ϕ)⊗ (F , h∗ϕ)
(E, 〈·, ·〉ϕ,ω) := (F, h∗ϕ)⊗ (F, h∗ϕ)⊗ (F , h∗).
For example the last two hermitian metris are expressed in loal oordinates
by the expressions
〈α, β〉ω,ϕ = 2−3h∗(dzp, dz¯q)h∗ϕ(dzj , dz¯l)h∗ϕ(dzk, dz¯m)αpjk¯βqlm¯
= 23ωqp¯ωlj¯ϕω
km¯
ϕ αpjk¯βqlm¯,
〈α, β〉ϕ,ω = 23ωqp¯ϕ ωlj¯ϕωkm¯αpjk¯βqlm¯
where α = αpjk¯dzp⊗dzj⊗dz¯k and β = βpjk¯dzp⊗dzj⊗dz¯k. With suh notations
we an state the following lemma (see also [Yau℄) that we will prove at the end
of the setion.
Lemma 6 Let (X,ω) be a polarized Fano manifold of omplex dimension n
with ω ∈ 2pic1 and let (ωt)t be the Kähler-Rii ow. Suppose that there exist
onstants k, K > 0 suh that k−1ω ≤ ωt ≤ Kω for all times t ≥ 0. Then there
exist onstants C1, C2 > 0 depending only on the onstants k, K and ω, suh
that the uniform estimate
t|∇1,0ω ∂∂¯ϕt|2t ≥ −C1|∇1,0ω ∂∂¯ϕt|2t − C2
holds for every t ≥ 0.
By using Perelman's uniform estimate |ϕ˙t| ≤ C and a slight modiation of
Yau's omputation of the C2 and C3 uniform estimates for the omplex Monge-
Ampère operator (see also [Cao℄), we nd the following result.
Proposition 6.2 Let X be a Fano manifold of omplex dimension n ≥ 2 and
let ω ∈ 2pic1(X) be a Kähler metri. If the Kähler-Rii ow
ϕ˙t = log
ωnt
ωn
+ ϕt + ct − hω,
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satises the uniform estimate ωnt ≥ K0 ωn for some onstant K0 > 0 indepen-
dent of t ∈ [0,+∞), then there exist positive onstants k0, K, K ′ > 0 indepen-
dents of t ∈ [0,+∞), suh that the uniform estimates 0 < 2n + ∆ωϕt ≤ K,
|∂∂¯ϕt|ω < (K + 2
√
n)/2, k−10 ω < ωt < (K/2)ω and |∇1,0ω ∂∂¯ϕt|ω ≤ K ′ holds for
all t ∈ [0,+∞).
(The C2-uniform estimate is obvious in the ase n = 1.)
Proof . We dene the operator t := ∆t − 2 ∂∂t . Consider the smooth fun-
tion A := log(2n+∆ωϕt)− k(ϕt + ct) over X × [0,+∞), where the onstant k
will be hosed later. We have the equality
tA =
t∆ωϕt
2n+∆ωϕt
− 2|∂∆ωϕt|
2
t
(2n+∆ωϕt)2
− k tϕt + 2kat. (21)
Set C := minx∈X λ
ω
1 (x). Using the proposition 6.1 and the fat that Trϕ ω > 0
we nd the inequality
2Trω Ric(ωϕ) ≥ −∆ϕ∆ωϕ+ 4C(2n+∆ωϕ)Trϕ ω +
2|∂∆ωϕ|2ϕ
2n+∆ωϕ
whih ombined with the equality (21) gives
tA ≥ −2 ∆ωϕ˙t +Trω Ric(ωt)
2n+∆ωϕt
+ 4C Trt ω − k tϕt + 2kat, (22)
where Trt ω is the trae of ω respet to the metri ωt. Taking the trae of
the Kähler-Rii ow identity i∂∂¯ϕ˙t = ωt − Ric(ωt) respet to ω, we nd the
equality
∆ωϕ˙t = 2n+∆ωϕt − Trω Ric(ωt). (23)
Moreover onerning the term tϕt, we remark the trivial identity ∆tϕt =
−Trt ω + 2n. Using this identity with the equality (23) in the inequality (22),
we nd
tA ≥ −2 + (4C + k)Trt ω + 2k(ϕ˙t − n+ at). (24)
Consider now the trivial inequality
∑n
l=1 b1 . . . b̂l . . . bn ≤ (
∑n
l=1 bl)
n−1
for any
positive number bl. Taking the 1/(n − 1)-th power of this inequality with the
terms
bl := 1/(1 + 2∂
2
ll¯
ϕt) we nd, in ω-orthogonal and ωt-diagonal oordinates in a
point x, the expressions
Trt ω
4
=
∑
l
1
1 + 2∂2
ll¯
ϕt
≥
(∑
l
(
1 + 2∂2
ll¯
ϕt
)∏
l
(
1 + 2∂2
ll¯
ϕt
)) 1n−1
= Kn e
ϕt+ct−h−ϕ˙t
n−1 (2n+∆ωϕ)
1
n−1 ,
where Kn := 2
−1
n−1 > 0. We hoose k suh that (4C + k) = 4−1 and we onsider
the funtion u := eA = (2n + ∆ωϕt)e
−k(ϕt+ct)
. Then the previous inequality
20
ombined with the Perelman uniform estimate |ϕ˙t| ≤ C′ and with the estimate
|ϕt + ct| ≤ C, gives
Trt ω
4
≥ Kne
(1+k)(ϕt+ct)−h−ϕ˙t
n−1 u
1
n−1 ≥ C0 u 1n−1
for some onstant C0 > 0 independent of t. Then the inequality (24) redues to
the inequality
tA ≥ −C1 + C0 u 1n−1 , (25)
with C0, C1 > 0. For all T > 0, a point (x0, t0) is a maximum point for
A in X × [0, T ] if and only if is also a maximum point for u in X × [0, T ].
If t0 = 0 then u ≤ C2 over X × [0, T ], with C2 > 0 independent of T . If
not
∂A
∂t
(x0, t0) ≥ 0 and ∆tA(x0, t0) ≤ 0. Using the inequality (25) we nd
u(x0, t0) ≤ C3, where the onstant C3 > 0 is independent of T . This implies the
estimate u ≤ max{C2, C3} on X × [0,+∞). So in onlusion we have found the
required a priori estimate 0 < 2n+∆ωϕt ≤ K. Moreover 2|ωt|ω < Trω ωt, sine
ωt > 0. This implies the required a priori estimate |∂∂¯ϕt|ω < (K + 2
√
n)/2.
The inequality 0 < 2 + 4∂2
ll¯
ϕt < 2n + ∆ωϕt ≤ K implies ωt < (K/2)ω. By
using the hypothesis we nd
K0 ≤ ωnt /ωn =
∏
l
(
1 + 2∂2
ll¯
ϕt
)
< (K/2)n−1
(
1 + 2∂2ss¯ϕt
)
,
for all s, whih implies k−10 ω < ωt for some uniform onstant k0 > 0. Then by
lemma 6 we dedue the estimate
t|∇1,0ω ∂∂¯ϕt|2t ≥ −C1|∇1,0ω ∂∂¯ϕt|2t − C2 . (26)
The equality (19) proved in the proposition 6.1 gives the intrinsi identity
2Trω Ric(ωϕ) = −∆ϕ∆ωϕ+ 2Trϕ(ωϕ ·Rmω) + 4|∇1,0ω ∂∂¯ϕ|2ω,ϕ,
where 2Trϕ(ωϕ · Rmω) ≥ 4λω1 (2n+∆ωϕ)Trϕ ω ≥ −C3, with C3 > 0. So using
the identity (23), we dedue the inequality
t∆ωϕt ≥ (4/k0)|∇1,0ω ∂∂¯ϕt|2t − C4,
C4 > 0. By taking C5 := k0(C1 + 1)/4 > 0 we dedue by (26) the estimate
t
(|∇1,0ω ∂∂¯ϕt|2t + C5∆ωϕt) ≥ |∇1,0ω ∂∂¯ϕt|2t − C6, (27)
C6 > 0. For all T > 0 onsider a maximum point (x0, t0) for the funtion
B := |∇1,0ω ∂∂¯ϕt|2t + C5∆ωϕt over X × [0, T ]. As before we an assume t0 > 0,
whih implies tB(x0, t0) ≤ 0. Then the estimate (27) implies the inequal-
ity B(x0, t0) ≤ C6 + C5∆ωϕt0(x0) ≤ C7, for some onstant C7 > 0 indepen-
dent of T . We dedue in onlusion the required third order uniform estimate
|∇1,0ω ∂∂¯ϕt|2ω ≤ K ′, sine the metris ωt are uniformly equivalent to the initial
metri ω. 
Proof of lemma 6. In order to avoid onfusion with notations in the ompu-
tations that will follow we will note ϕ := ϕt and ωϕ := ωt. This will apply until
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equality (29). Aording to lemma 3 let onsider (z1, ..., zn) be ω-geodesi holo-
morphi oordinates of third order, with enter a point x suh that the metri
ωϕ an be written in diagonal form in x. Expliitly ω =
i
2ωlr¯ dzl ∧ dz¯r, where
ωlr¯ = δlr − Cjk¯rl zj z¯k − Cpjk¯lr¯ zpzj z¯k − Cpjk¯rl¯ zkz¯pz¯j +O(|z|4),
2Rjk¯lr¯(x) = C
jk¯
rl , 2∇1,0p Rjk¯lr¯(x) = Cpjk¯lr¯ , 2∇0,1p¯ Rjk¯lr¯(x) = Cpjk¯rl¯ ,
Cjk¯rl = C
kj¯
lr , C
jk¯
rl = C
lk¯
rj = C
jr¯
kl ,
and the oeients Cp,j,k¯lr¯ are symmetri respet to the indexes p, j, l and k, r.
We dene al := ω
ll¯
ϕ. By deriving the Rii tensor Ric(ωϕ) = Ric(ωϕ)jk¯ dzj∧dz¯k,
Ric(ωϕ)jk¯ = −i(∂2jk¯ωpr¯ + 2ϕjpk¯r¯)ωrp¯ϕ + i(∂jωps¯ + 2ϕjps¯)ωst¯ϕ (∂k¯ωtr¯ + 2ϕtr¯k¯)ωrp¯ϕ ,
we nd at the point x the expression
∇1,0ω,tRic(ωϕ)jk¯ = iap(Ctjk¯pp¯︸︷︷︸
C1
− 2ϕjtpp¯k¯︸ ︷︷ ︸
A1
) + 4iapalϕtjpl¯ϕlp¯k¯︸ ︷︷ ︸
A2
+ 2iapal
[
(Cjk¯lp︸︷︷︸
C2
+ 2ϕjpk¯l¯︸ ︷︷ ︸
A3
)ϕtlp¯ + (2ϕtlp¯k¯︸ ︷︷ ︸
A4
− Ctk¯pl︸︷︷︸
C3
)ϕjpl¯
]
− 8iapalar(ϕjpr¯ϕtrl¯ϕlp¯k¯︸ ︷︷ ︸
A5
+ ϕjpl¯ϕtrp¯ϕlr¯k¯︸ ︷︷ ︸
A6
). (28)
The utility of the underbraes will be disussed later. Consider now the tensor
∇1,0ω ∂∂¯ϕ = αpkl¯ dzp ⊗ (dzk ∧ dz¯l), where
αpkl¯ := ϕpkl¯ − ∂p ωkr¯ ωrs¯ϕsl¯
and the derivative of its norm
∂p|∇1,0ω ∂∂¯ϕ|2ϕ = 23∂p ωst¯ϕ ωlj¯ϕ ωkr¯ϕ αtjk¯ αslr¯ + 23 ωst¯ϕ ∂p ωlj¯ϕ ωkr¯ϕ αtjk¯ αslr¯
+ 23 ωst¯ϕ ω
lj¯
ϕ ∂p ω
kr¯
ϕ αtjk¯ αslr¯ + 2
3 ωst¯ϕ ω
lj¯
ϕ ω
kr¯
ϕ ∂pαtjk¯ αslr¯
+ 23 ωstϕ ω
lj¯
ϕ ω
kr¯
ϕ αtjk¯ ∂p αslr¯
By using the expressions of the derivatives
∂pαtjk¯ = ϕptjk¯ − ∂2tp ωja¯ ωab¯ ϕbk¯ − ∂t ωja¯ ∂p ωab¯ ϕbk¯ − ∂t ωja¯ ωab¯ ϕbpk¯
∂pαslr¯ = ϕprs¯l¯ − ∂2ps¯ ωal¯ ωba¯ ϕrb¯ − ∂s¯ ωal¯ ∂p ωba¯ ϕrb¯ − ∂s¯ ωal¯ ωb,a¯ ϕprb¯,
we nd the the following expression for the Laplaian at the point x.
∆ϕ|∇1,0ω ∂∂¯ϕ|2ϕ = 25 ωqp¯ϕ
[
∂2pq¯ ω
st¯
ϕ ω
lj¯
ϕ ω
kr
ϕ ϕtjk¯ϕrs¯l¯
+ ∂p ω
st¯
ϕ ∂q¯ ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯ + ∂p ω
st¯
ϕ ω
lj¯
ϕ ∂q¯ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯
+ ∂p ω
s,t¯
ϕ ω
lj¯
ϕ ω
kr¯
ϕ (ϕtjq¯k¯ + C
tq¯
aj ϕak¯)ϕrs¯l¯
+ ∂p ω
st¯
ϕ ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯p¯ + ∂q¯ ω
st¯
ϕ ∂p ω
lj¯
ϕ ω
lr¯
ϕ ϕtjk¯ ϕrs¯l¯
+ ωst¯ϕ ∂
2
pq¯ ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯ ϕrt¯l¯ + ω
st¯
ϕ ∂p ω
lj¯
ϕ ∂q¯ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯
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+ ωst¯ϕ ∂p ω
lj¯
ϕ ω
kr¯
ϕ (ϕtjq¯k¯ + C
tq¯
sj ϕsk¯)ϕrs¯l
+ ωst¯ϕ ∂p ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯q¯ + ∂q¯ ω
st¯
ϕ ω
lj¯
ϕ ∂p ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯
+ ωst¯ϕ ∂q¯ ω
lj¯
ϕ ∂p ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯ + ω
st¯
ϕ ω
lj¯
ϕ ∂
2
pq¯ ω
kr¯
ϕ ϕtjk¯ ϕrs¯l¯
+ ωst¯ϕ ω
lj¯
ϕ ∂p ω
kr¯
ϕ (ϕtjk¯q¯ + C
tq¯
sjϕsk¯)ϕrs¯l¯ + ω
st¯
ϕ ω
lj¯
ϕ ∂p ω
kr¯
ϕ ϕtjk¯ϕrs¯l¯q¯
+ ∂q¯ ω
s,t¯
ϕ ω
lj¯
ϕ ω
kr¯
ϕ ϕptjk¯ ϕrs¯l¯ + ω
s,t¯
ϕ ∂q¯ ω
lj¯
ϕ ω
kr¯
ϕ ϕptjk¯ ϕrs¯l¯
+ ωst¯ϕ ω
lj¯
ϕ ∂q¯ ω
kr¯
ϕ ϕptjk¯ ϕrs¯l¯
+ ωst¯ϕ ω
lj
ϕ ω
kr¯
ϕ (ϕptjk¯q¯ + C
tpq¯
ja¯ ϕak¯ + C
tq¯
aj ϕapk¯)ϕrs¯l¯
+ ωst¯ϕ ω
lj¯
ϕ ω
kr¯
ϕ ϕptjk¯ ϕrs¯l¯q¯ + ∂q¯ ω
st¯
ϕ ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯(ϕprs¯l¯ + C
ps¯
la ϕra¯)
+ ωst¯ϕ ∂q¯ ω
lj¯
ϕ ω
kr¯
ϕ ϕtjk¯ (ϕprs¯l¯ + C
ps¯
la ϕra¯)
+ ωst¯ϕ ω
lj¯
ϕ ∂q¯ ω
kr¯
ϕ ϕtjk¯(ϕprs¯l¯ + C
ps¯
la ϕra¯)
+ ωst¯ϕ ω
lj¯
ϕ ω
kr¯
ϕ (ϕtjk¯q¯ + C
tq¯
aj ϕak¯) (ϕprs¯l¯ + C
ps¯
la ϕra¯)
+ ωst¯ϕ ω
lj
ϕ ω
kr¯
ϕ ϕtjk¯
(
ϕprs¯l¯q¯ + C
tqp¯
la¯ ϕra¯ + C
pt¯
la ϕra¯q¯
) ]
.
Then using the expressions ∂l¯ ω
st¯
ϕ = −2asat ϕsl¯t and
∂2
kl¯
ωst¯ϕ = asat
[
Ckl¯ts − 2ϕksl¯t¯ + 4ar (ϕksr¯ϕrl¯t¯ + ϕkrt¯ ϕsl¯r¯)
]
,
at the point x of the derivatives of the inverse matrixs we nd the following
expression for the Laplaian at the point x.
∆ϕ|∇1,0ω ∂∂¯ϕ|2ϕ = 25apatajak
{
al[4ar(ϕplr¯ϕrp¯t¯ + ϕprt¯ϕlp¯r¯︸ ︷︷ ︸
B1d
)− 2ϕplp¯t¯ + Cpp¯tl ]ϕtjk¯ϕkj¯l¯
+ 4alar(ϕkr¯l¯ϕlp¯j¯︸ ︷︷ ︸
A5
+ ϕlr¯j¯ϕkp¯l¯︸ ︷︷ ︸
B1d
)ϕprt¯ϕtjk¯
− 2al(ϕtjp¯k¯︸ ︷︷ ︸
A4
+Ctp¯kjϕkk¯)ϕplt¯ϕkl¯j¯ − 2alϕkl¯j¯p¯ϕplt¯ϕtjk¯︸ ︷︷ ︸
B1b
+ 4alarϕplj¯ϕtjk¯ϕkr¯l¯ϕrp¯t¯︸ ︷︷ ︸
B1c
+ al[4ar(ϕplr¯ϕrp¯j¯ + ϕprj¯ϕlp¯r¯︸ ︷︷ ︸
B1c
) − 2ϕplp¯j¯ + Cpp¯jl ]ϕtjk¯ϕkt¯l¯
+ 4alar(ϕplj¯ϕkp¯r¯︸ ︷︷ ︸
A6
+ ϕpkr¯ϕlp¯j¯︸ ︷︷ ︸
A5
)ϕtjk¯ϕrt¯l¯
− 2al(ϕtjp¯k¯︸ ︷︷ ︸
A4
+Ctp¯kjϕkk¯)ϕplj¯ϕkt¯l¯ − 2alϕkt¯l¯p¯ϕplj¯ϕtjk¯︸ ︷︷ ︸
B1a
+ 4alarϕpkr¯ϕtjk¯ϕrl¯t¯ϕlp¯j¯︸ ︷︷ ︸
A6
+ al[4ar(ϕpkr¯ϕrp¯l¯ + ϕprl¯ϕkp¯r¯︸ ︷︷ ︸
B2a
)− 2ϕpkp¯l¯ + Cpp¯lk ]ϕtjk¯ϕlt¯j¯
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− 2al(ϕtjp¯k¯ + Ctp¯kjϕkk¯)ϕpkl¯ϕlt¯j¯︸ ︷︷ ︸
B2
− 2alϕlt¯j¯p¯ϕpkl¯ϕtjk¯︸ ︷︷ ︸
A2
− 2alϕptjk¯ϕlp¯t¯ϕkj¯l¯︸ ︷︷ ︸
B1
− 2alϕptjk¯ϕlp¯j¯ϕkt¯l¯︸ ︷︷ ︸
A2
− 2alϕptjk¯ϕkp¯l¯ϕlt¯j¯︸ ︷︷ ︸
B1
+ (ϕptjk¯p¯︸ ︷︷ ︸
A1
+Ctp¯rjϕrpk¯ + C
tpp¯
jk¯
ϕkk¯︸ ︷︷ ︸
C1
)ϕkt¯j¯ + ϕptjk¯ϕkp¯t¯j¯︸ ︷︷ ︸
B1
− 2al(ϕpkl¯j¯︸ ︷︷ ︸
A3
+Cp,l¯jk ϕkk¯)ϕtjk¯ϕlp¯t¯
− 2al(ϕpkt¯l¯︸ ︷︷ ︸
A3
+Cpt¯lkϕkk¯)ϕtjk¯ϕlp¯j¯
− 2al(ϕplt¯j¯ + Cpt¯jl ϕll¯)ϕtjk¯ϕkp¯l¯︸ ︷︷ ︸
B2a
+ (ϕtjp¯k¯ + C
tp¯
kjϕkk¯)(ϕpkt¯j¯ + C
pt¯
jkϕkk¯)︸ ︷︷ ︸
B2
+ (ϕpkt¯j¯p¯︸ ︷︷ ︸
A1
+Cpt¯jrϕkr¯p¯ + C
tpp¯
jk¯︸︷︷︸
C1
ϕkk¯)ϕtjk¯
}
We explain now the meaning of the underbraes. Set aptjk := apatajak and
B1 := 25aptjkBig{
[
ϕptjk¯ − 2
∑
l
al
(
ϕptl¯ϕljk¯ + ϕplk¯ϕtjl¯
) ]× [onjugate]} ≥ 0
B2 := 25aptjk
{(
ϕtjp¯k¯ + C
tp¯
kjϕkk¯ − 2
∑
l
alϕtjl¯ϕlp¯k¯
)
× (onjugate)
}
≥ 0 .
Then the underbraed terms in the previous expression of the Laplaian orre-
sponds to the terms A∗, C∗ of the expression (28) of the ovariant derivative
of the Rii tensor and the terms B∗ just dened. To be more preise to see
those orrespondenes we need to make the following hange of indexes of the
underbraed terms of the Laplaian.
A2 (k, l, p, t) → (l, k, t, p)
A3 (k, l, p, t, j) → (p, k, j, l, t) A3 (l, p) → (p, l)
A4 (l, j) → (j, l) A4 (t, j, k, l, p) → (k, p, l, j, t, )
A5 (k, l, p, j, t, r) → (l, k, j, t, r, p) A5 (l, r) → )
A6 (k, j, r, t, l) → (l, r, k, j, t) A6 (r, l, t, j) → (l, r, j, t)
B1a (t, j, p, l) → (p, l, t, j) B1b (t, l) → (l, t)
B1 (j, l, t, p) → (l, j, p, t) B1d (t, r, l) → (l, t, r)
B2a (l, k) → (k, l)
Using the expression of the Rii tensor at the point x
Ric(ωϕ)jk¯ = −iap(Cjk¯pp + 2ϕjpk¯p¯) + 4iapatϕjpt¯ϕtp¯k¯ ,
and the expression (28) of the ovariant derivative of the Rii tensor at the
point x we nd the expression
∆ϕ|∇1,0ω ∂∂¯ϕ|2ϕ = −25ialtjk
[
Ric(ωϕ)lt¯ ϕkj¯l¯ +Ric(ωϕ)lj¯ ϕkt¯l¯ +Ric(ωϕ)kl¯ ϕlt¯j¯
]
ϕtjk¯
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+ 4ℜe
[
i
〈∇1,0ω Ric(ωϕ),∇1,0ω ∂∂¯ϕ〉ϕ + 2i 〈Trϕ∇1,0ω Rω,∇1,0ω ∂∂¯ϕ〉ϕ,ω ]
+ 25aptjk 2ℜe
[
al
(
Cjk¯lp ϕtlp¯︸ ︷︷ ︸
C2
−Ctk¯pl ϕjpl¯︸ ︷︷ ︸
C3
)
ϕkt¯j¯ − 4alCtp¯kj ϕkk¯ ϕplt¯ ϕkl¯j¯
+ Ctp¯rj ϕrpk¯ ϕkt¯j¯
]
+B1 +B2 , (29)
where ℜe is the real part of a omplex number and
(Trϕ∇1,0ω Rω)(ξ, η, µ) := Trϕ[∇1,0ω,ξRω(η, µ, ·, ·)] = Trϕ[∇1,0ω,ξRω(·, ·, η, µ)] ,
for all ξ, η ∈ T 1,0
X,J
, µ ∈ T 0,1
X,J
. From now on we reonsider our original notations
ϕt = ϕ and ωt = ωϕ. Using the fat that the inverse matrix (ω
k,l¯
t )k,l evolves by
the formula
d
dt
ωk,l¯t = −ωk,l¯t + 2ωk,j¯t Rj,p¯(t)ωp,l¯t ,
where Ric(ωt) = iRj,p¯(t) dzj ∧ dz¯p, we nd at the point x the expression
∂
∂t
|∇1,0ω ∂∂¯ϕt|2t = −3|∇1,0ω ∂∂¯ϕt|2t + 24apljk
[
Rlp¯(t)ϕkj¯l¯ +Rlj¯(t)ϕkl¯p¯
+ Rkl¯(t)ϕlp¯j¯
]
ϕpjk¯ + 2ℜe
〈∇1,0ω ∂∂¯ϕ˙t,∇1,0ω ∂∂¯ϕt〉t . (30)
Using the expression (29) and the fat that all the metris ωt are uniformly
equivalents to the initial metri ω, we obtain the inequality
∆t|∇1,0ω ∂∂¯ϕt|2t ≥ 25aptjk
[
Rlp¯(t)ϕkj¯l¯ +Rlj¯(t)ϕkl¯p¯ +Rkl¯(t)ϕlp¯j¯
]
ϕpjk¯
+4ℜe 〈i∇1,0ω Ric(ωt),∇1,0ω ∂∂¯ϕt〉t − C1|∇1,0ω ∂∂¯ϕt|2t − C′2|∇1,0ω ∂∂¯ϕt|t, (31)
where C1, C
′
2 > 0 are two onstants independents of t. By deriving the Kähler-
Rii ow identity i∂∂¯ϕ˙t = ωt − Ric(ωt), we nd the equality
i∇1,0ω ∂∂¯ϕ˙t = i∇1,0ω ∂∂¯ϕt −∇1,0ω Ric(ωt),
whih ombined with the relations (30) and (31) gives the uniform estimate
t|∇1,0ω ∂∂¯ϕt|2t ≥ (2− C1)|∇1,0ω ∂∂¯ϕt|2t − C′2|∇1,0ω ∂∂¯ϕt|t ≥ −C1|∇1,0ω ∂∂¯ϕt|2t − C2 ,
for some uniform onstant C2 > 0 suiently big. 
7 The existene of a Kähler-Einstein metri
We remind that the uniform estimate ωnt ≥ k ωn is equivalent to the uniform
estimate ϕt + ct ≤ C. Then the identity 14 implies that the K-energy is also
uniformly bounded from below along the ow, thus the limit limt→+∞ νω(ϕt) is
nite. We remind also that along the Kähler-Rii ow we have the identity
d
dt
νω(ϕt) = −−
∫
X
|∂ϕ˙t|2t ωnt .
25
So for all inreasing sequenes of times (τk) ⊂ [0,+∞), τk → +∞ there exist a
sequene (tk) , tk ∈ [τk, τk+1] suh that
lim
k→+∞
−
∫
X
|∂ϕ˙tk |2tk ωntk = 0. (32)
Moreover the C2 and C3-uniform estimates |∂∂¯ϕt|C0(X), |∇1,0ω ∂∂¯ϕt|C0(X) ≤ C
implient that the (1, 1)-formes (∂∂¯ϕt)t∈[0,+∞) are uniformly bounded in the
Cα(X)-topology. The operator ∆t is uniformly ellipti with oeients uni-
formly bounded in Cα-norm, at least. The right hand side of the equation
(11)
t(ξ.ϕt) + 2ξ.ϕt = (Trω −Trt)(Lξ ω) + 2ξ.hω ,
ξ ∈ E(TX)(U), is also uniformly bounded in Cα-norm, at least. By the regularity
theory for paraboli equations [Lad℄ we dedue that the funtions (ξ.ϕt)t∈[0,+∞)
are uniformly bounded in C2,α-norm. Then the C0-uniform estimate |ϕt+ ct| ≤
C implies the existene of a subsequene (sk) of (tk) suh that the sequenes
(ϕsk +csk), (dϕsk ), (∂∂¯ϕsk ) and (∇1,0ω ∂∂¯ϕsk) onvergent uniformly respetively
to ϕ∞, dϕ∞, ∂∂¯ϕ∞, and ∇1,0ω ∂∂¯ϕ∞. The uniform estimate ωnt /ωn ≥ K0 > 0
gives ωnϕ∞/ω
n ≥ K0 > 0, whih implies i∂∂¯ϕ∞ > −ω. Moreover we dedue the
existene of the limits
ψ := lim
k→+∞
ϕ˙sk = log
ωnϕ∞
ωn
+ ϕ∞ − hω
and ∂ψ = limk→+∞ ∂ϕ˙sk in the topology of the uniform onvergene at least.
Then the limit (32) implies
0 = lim
k→+∞
−
∫
X
|∂ϕ˙sk |2sk ωnsk = −
∫
X
|∂ψ|2ϕ∞ωnϕ∞ ,
whih means ψ = 0, by the integral normalization of ϕ˙t. So we have a solution
ϕ∞ ∈ P3,αω of the ellipti non-linear equation
F (ϕ∞) := log
ωnϕ∞
ωn
+ ϕ∞ − hω = 0.
The elliptiity follows from the fat that i∂∂¯ϕ∞ > −ω and the expression of the
dierential dϕ∞F (v) = 2
−1∆ϕ∞v+v. By Shauder ellipti regularity (see [Aub℄,
Th. 3.56, pag. 86) we dedue that the solution ϕ∞ is smooth. In onlusion we
have solve the Einstein equation Ric(ωϕ∞) = ωϕ∞ . Clearly the Einstein metri
ωϕ∞ is G-invariant if the initial metri ω of the Kähler-Rii ow is G-invariant.

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